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2 2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Section I

10 marks
Attempt Question [l to
Allow approximately 15 minutes for this section

Mark your answers on the answer grid provided (labelled as page [13]).

Glossary
e N=1{0,1,2,3,---} — set of all natural numbers

o Z={--,-3,-2,-1,0,1,2,3} — set of all integers.
e 7T — set of all positive integers (excludes zero)

e R — set of all real numbers

e C — set of all complex numbers

Questions Marks

1. The polynomial P(z) has real coefficients, and z = 2 + i is a root of P(z). 1

Which quadratic polynomial must be a factor of P(z)?

(A) 22 —4245 (C) 224243
(B) 2244245 (D) 2244243
2. A particle starts from rest and moves in a way such that its acceleration a in metres 1

per second per second is given by
a=1+wv

where v metres per second, is the velocity of the particle after ¢ seconds.
What is the velocity of the particle after log, (e + 1) seconds?

(A) e (C) e*+1
(B) e+1 (D) log.,(14+e€)+1
3. It is given that 1
a=1i+]
b=i—j and
c=i+2j+3k

If v is a unit vector such that a-v =0 and b - v = 0, which of the following values
is equal to ‘g-y‘?

(A) 0 (B) 1 (C) 2 (D) 3
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2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION) 3

4. Given a and b are unit vectors, if a + b results in a unit vector, which of the 1
following is ‘g — h‘{?

(A) V2 (B) (€) V3 (D)

Sl
Sl

5. Consider the statement: 1

If I have solar panels on my rooftop and use public transport, then I
am reducing my carbon emissions

Which of the following is the contrapositive of the statement?

(A) If I am reducing my carbon emissions, then I have solar panels on my rooftop
and take public transport.

(B) If I am not reducing my carbon emissions, then I do not have solar panels on
my rooftop or I do not use public transport.

(C) If T am reducing my carbon emissions, then I do not have solar panels on my
rooftop and I do not use public transport.

(D) If I am not reducing my carbon emissions, then I do not have solar panels on
my rooftop but use public transport.

6. Consider the complex numbers z such that 1
z=rcos? 0 +isin’0 with 6 e [O, g}
What is the range of possible values of |z|?

(A) [0,1] © B 1]

1 1
B) |—,1 D) |-,1
® (7] ® 3]
7. If z =z + iy, where z and y € R and z € C, which of the following does not 1
intersect the graph given by |z — 5| = 27

(A) Arg(z—3) = 5 (C) 2Re(z) +3Im(z) =6
(B) Im(z) =2 (D) |z—5—>5i|=4
8. Which of the following is an expression for / cos® x dx? 1
. 2 1.4 . 1.4
(A) sinzcos x+§sm x+C (C) s1nx+§sm x+C
. 2 1.4 . 1.4
(B) sinzcos T — gsin x4+ C (D) sinz — g sin x+C

NORMANHURST BOYS’ HIGH SCHOOL MONDAY, 19 AUGUST 2024



4 2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION)

In2
9. What does / dx transform into by using the substitution u = e* + 17 1
0

et +1
o [G)e o[l
®) /j(u_l_g) du D) /f“@i—i) i

10. A particle is moving in simple harmonic motion. The displacement of the particle 1

is x and its velocity v, is given by the equation v? = n? (2ka: - 332), where n and
k are constants. The particle is initially at x = k.

1
uoou
1

Which function, in terms of time ¢, could represent the motion of the particle?

(A) z = kcos(nt) (C) = =2kcos(nt) —k

(B) z = ksin(nt) + k (D) = =2ksin(nt) + k

MONDAY, 19 AUGUST 2024 NORMANHURST BOYS’ HIGH SCHOOL



2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION) 5

Section II

90 marks
Attempt Questions [I1] to
Allow approximately 2 hours and 45 minutes for this section.

Write your answers in the writing booklets supplied. Additional writing booklets are available.
Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (16 marks) Marks
(a) i. Find the square roots of 3 4 4i. 3
ii. Hence or otherwise, solve 2

2 4iz—1—i=0

(b) Shade the region on the Argand diagram where the following inequalities hold 3
simultaneously:
lz—2—2i| <2
Im(z — 2i)| > 1
(c) Let w be a non-real cube root of unity.
i. Show that 1+ w + w? = 0. 1
ii. Hence or otherwise, show that 2

W(1+2w—|—3w2)2 = -3

(d) A particle moves in a straight line. Its displacement x metres from the origin
after ¢ seconds is given by

1 . 1
r=——=cos2t+sin2t — —

V3 V3

i. Prove the particle is moving in simple harmonic motion, centred at 2
1
r=—-——.
V3
ii. Find the first three times after ¢ = 0, where the particle has a speed of 3
2ms 1.

NORMANHURST BOYS’ HIGH SCHOOL MONDAY, 19 AUGUST 2024



6 2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 12 (14 marks) Marks

s

(a) Let 21 = cosa + isina and 29 = cos 3 + isin 3 where 0 < a < 8 < 5. The
complex numbers z1, z2 and (z1 + 22) are represented by the points A, B and C
respectively in the Argand diagram.

Im

Re

O

Let 21 4+ 22 = 7 (cos @ + isin ), with OC and AB intersecting at the point M.

i. Give a brief reason why OAC B is a rhombus. 1
ii. Show that 2
(%)
7 = 2cos
2
iii. Show that § = 3 (o + ), and hence show that 2
cosa + cos 3 = 2cos f-o cos fta

2 2

(b) Suppose u, v and w are distinct, non-zero vectors with the property 2

Projy U = projy v

Prove that (g — y) is perpendicular to w.

MONDAY, 19 AUGUST 2024 NORMANHURST BOYS’ HIGH SCHOOL



2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION) 7

(c) A rectangular prism is defined with vertices A(4,0,0), C(0,8,0) and 7°(0,0,6).
Point M is the centre of the plane with vertices OCFT and M has coordinates

(07 4a 3) . z
7(0,0,6) . ’
\
\
\
5 \
De
C(0,8,0
LOO8Y)
A(4,0,0)
X
i. Determine the vector equation of the line BT, which is one of the diagonals 2
of the prism.
ii. Find the the vector equation of the sphere that contains all of the vertices 2
of the rectangular prism, in the form !y —C ‘ =r.
Hint: Consider the midpoint of the diagonal BT'.
iii. Prove using vector methods, that the lines AM and BT are skew. 3

Examination continues overleaf. ..
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Question 13 (16 marks)

(a)

(b)

()

(d)

The function f(z) = x* is defined and positive for all x > 0.

Marks

3

By differentiating In ( f (x)), find the value of x at which f(x) is at its minimum.

i. Find real numbers a, b and ¢ such that

5 ax+b+ c
x2(2 — ) x? 2—z

ii. Hence or otherwise, find

™

Find/2 L
0o 3 —cosx—2sinx

s

Let I, = /4 tan”  dx, for all integers n > 0.
0

1

n —

i. Show that I, =

7~ In-2, for all integers n > 2.

ii. Hence find

™

4 5
tan® x dx
0

MONDAY, 19 AUGUST 2024
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2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION) 9

Question 14 (16 marks) Marks
(a) i. Using a suitable substitution, show that 1
/ f(z)dx = / fla—x)dx
0 0
ii. A function f(x) has the property such that f(z) + f(a —x) = f(a). 2

Using part (i) or otherwise, show that
“ a
| f@ = 1)
0

(b) If z and w are complex numbers such that |z| = |w]|, show that 2

(ee0) () - () -

(c) Let z = cosf + isinf.

1
1. Show that z" + — = 2cosnf. 1
z
ii. Hence or otherwise, solve 3z — 22 + 422 —24+3=0 3
(d) i. By using De Moivre’s Theorem, show that 2

cos 56 = 16 cos® 6 — 20 cos® 0 + 5 cos 0

ii. Hence or otherwise, find all solutions to the equation 3

3225 — 402 + 102 —1=0

iii. Deduce that 2
T 2 47 7T 1
COS — COS — COS — COS — = —
15 15 15 15 16

Examination continues overleaf. ..

NORMANHURST BOYS’ HIGH SCHOOL MONDAY, 19 AUGUST 2024



10 2024 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 15 (15 marks) Marks
(a) i. Prove that /14 is irrational. 3
ii. Hence prove it is not possible for both v/2n and +/7n to be rational for any 2

positive integer n.

(b) A sequence of numbers a,, is given by
1 4+ ap
a; = Ant1 =
1 n+1 1+ an
for n > 1.
i. Prove by mathematical induction for n > 1 and b = —%, 4
145"
an = 2 <1 — b”>
ii. Hence find the limiting value of a,, as n — oc. 1
(c) It is given that for any two positive real numbers = and y,
s
It is also given that a, b and ¢ are positive real numbers.
i. Use the result above to prove (a + b+ ¢)? > 27abc. 3
ii. Hence or otherwise, if abc = 1, prove that 2

a’c* + vPat + Pvt > 3

MONDAY, 19 AUGUST 2024 NORMANHURST BOYS’ HIGH SCHOOL
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Question 16 (13 marks)

(a) A particle moves in a straight line such that at time ¢, its displacement from
the origin is x, and velocity v.

Find z as a function of time given & = —2e™%, and when t =0, z = 0 and v = 2.

(b) The diagram shows a sketch of part of the curve with equation

ii.

iii.

iv.

y=e “sinx x>0

Yy
Ay
Ao
A,
T 27 3
Show that ]
e “sinxdr = —56_”” (sinx 4 cosz) + C
The terms A, Ao, -+, A, represent successive areas above the = axis and

bounded by the curve y = e ¥ sin .

The area A, is bounded by the curve y = e *sinx between = = (2n — 2)7
and z = (2n — 1)7.

The areas represented by A; and As are shown in the diagram.

Show that ]
_ = [ ,(1=2n)m (2—2n)m
An =3 (¢ e )

Show that
A1+A2+A3+---

™

e
is a geometric series, and has ———— as its limiting sum.
2(e™—1)
" 1
Given that lim e *sinx dr = —, find the exact value of
n—oo Jq 2
n
lim ‘efm sinz| dr
n—oo 0

End of paper.

NORMANHURST BOYS’ HIGH SCHOOL
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14 2024 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 SOLUTIONS

Sample Band E4 Responses

(C) 5. (B)

(A) 2. (A) 3.
8. (B) 10. (B)

1. . (D) 4.
6. (B) 7. (A) 9.

(D)
Note: Working out is not marked for MCQ),

though solutions are provided as a learning
opportunity on mathematical writing.

Question 1

One of the roots to P(z) = 0is o = 2 + 1.
Hence, one of the other rootsis S =a =2 —1

Sum of roots = a + f
=(24+14)+(2—1)
=4

Product of roots = af

=(2419)(2—1)
=5

Hence, the quadratic factor from this pair of
conjugate roots will be

2 —(a+P)z+aB=22—4z+5
Correct option: (A)

Question 2

d
Rewriting a as d—: and solving the differential

equation:
dv
-1
ar + v
d
Yt
1+v

Integrating both sides,

dv
= [ dt
/1+U /
log, (1+v) =t+Cy
1+,U:et+C1
v=Aet —1

When t =0, v = 0 (starts from rest):

0=Ae" -1
LA=1
v=el -1

When t =log,(e + 1),
v = eloge(etl) _q
=e+1-1
=e

(A)

Correct option:

Question 3

Rewriting in column vector notation:

1 1 1
a= |1 b=1]-1 c=|2
0 0 3
Also, let
1 T
vV =

V| Y
VaZ 4+ y? + 22 5

where z, y and z € R. Now examine the various
dot products:

i.e.

Similarly,

l.e.

LAST UPDATED SEPTEMBER 9, 2024
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2024 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 SOLUTIONS 15

(D)

Correct option:

Question 4

Draw a diagram that represents the situation.

—  Given ‘@‘ = |b‘ = ’@+b‘ = 1, which means
a, b and a+ b forms an equilateral triangle
of side length 1.

— Note that a + b forms one of the diagonals
of a parallelogram when two vectors are
added, and a — b is the other diagonal
(starting at the arrowhead of vector b,
ending at the arrowhead of a):

Using the cosine rule on the triangle formed by
a, band a—b:

la —b|? = 12 + 12 — 2(1)(1) cos 120°

-2

=3
s Ja—b[=v3

Correct option: (C)

Question 5

Let

— p be the proposition I have solar panels on
my rooftop

— ¢q be the proposition I use public transport
— r be the proposition I am reducing carbon
emissions

The statement presented is in the form
(pAq)=r
The contrapositive is

—r = -(pAq)
ﬁ’r‘:>—\p\/—|q

...which will read

If T am mnot reducing my carbon
emissions, then I do not have solar
panels or I do not use public
transport

Correct option: (B)
Question 6

Examining |z|* = 2z, where z = cos? +i sin? 0:

|z|? = 2z
= (0052 0 + isin® 0) (cos2 0 — isin® 9)

= cos* 0 + sin? 0

= cos* 0 + 2sin® 0 cos® 0 + sin? 6 — 2sin® 6 cos® 0

1
= (0052 0 + sin® 9)2 —3 sin? 20

1/1 1
=1-—=(=—Zcos4
2(2 2Cos. 0)
1 1
=1—-—=-+- 4
4—|—40059
3 1
= — — 4
4+40089

Sketching one period of % + %COS 40:

D[ =[O =

From the graph of # against |z|?, it’s evident
that

Correct option: (B)

Question 7

Draw various diagrams to represent the options
presented.

NORMANHURST BOYS’ HIGH SCHOOL
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16 2024 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 SOLUTIONS

Im to 1 — sin? z:
|z — (5+5i)] =4 (D)

/cos3 xdr = [ cos®xcosx dx

:/(l—sinzm) cosx dx

:/(cosx—sin2xcosx) dx
) 1 . 4

:smaj—gsm z+C

Correct option: (D)

Question 9

Calculating the transformations:

u=e"+1 = ee=u-1

=37 2 Re(z) + 3im(z) =6 (C) i _ o W _
dx ev
du d
(A) Arg(z —3) = g is the vertical ray u—1_"
commencing at z = 3 + 0¢, but not Transforming the limits:
inclusive at z = 3 + 0¢, which just misses
the circle! =0 u=e"+1=2

r=In2 u=e"?24+1=3
(B) As Im(z) = y, then Im(z) = 2 is the
horizontal line y = 2. Tangent to the | Rewriting the integral in terms of u:

circleat z =5+ 2
/1n2 1 /u:3 1 du
dr = — X
o €er+1 u= U u—1

into partial fractions,

(C) As Re(z) =z and Im(z) = y, then

2Re(z) +3Im(z) =6

2r+3y =6 Decomposing
u(u — 1)
. . ) where A and B € R:

which crosses the horizontal axis at z = 3

and vertical axis at z = 2i; subsequently 1 A B
u
1

intersecting the original circle twice. u(u—1)

(D) |z—(5+5¢)] =4 is a circle of radius 4,
centred at z = 5+ 5i. Will cross the | et u=0:
existing circle twice.

1=A(-1)
A=-1
Correct option: (A) Let u = 1:
1= B
Question 8 0+
B=1
1 1

Break off one of the cos? x terms and converting "
ufu—1) u-—1

LAST UPDATED SEPTEMBER 9, 2024 NORMANHURST BOYS’ HIGH SCHOOL
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Correct option: (B)

Question 10

Sketch the graph of v? against z, being a
concave down parabola:

v? = n? (2kx — $2) =n? (x(2k - x))
— Graph has roots at z = 0 and =z = 2k

— v2>0

’U2

} \ x
k 2k

O ——
amp: k units

— The centre of motion is at xg = k

— From the graph, the amplitude of the
motion is also k units.

— The graph commences from the centre of
motion z = k.

Hence = = ksin(nt) + k.

Correct option: (B)

Question 11 (Lam)

(a) i. (3 marks)
v [1] for some attempt at equating
real and imaginary parts.

v [2] for substantial progress to reach
a single quartic in terms of = or
equivalent merit.

V' [3] for fully correct solution
Let z = x + iy, such that

22 =34 4i
(z+iy)? =3+ 4i
(2® — y?) +i(2zy) = 3 + 4

Equating real and imaginary parts,

2> —y2=3 (1)
2oy =4 (2)

Find y in terms of z via (2):

20y =4
Ty =2

8w

y = — (substitute into (1))

R —
Y=

Sz=1240=+(241)

ii. (2 marks)

—i 3+ 40
V' [1] for obtaining z = @
with working out, or equivalent

merit.

v' [2] for fully correct roots of z =1
orz=—1—1.

2 4iz—(14+4)=0

Applying the quadratic formula,

—i £ /i2 +4(1)(1 +4)

2
—1 V3440

z =

2
=i (241)
- 2
i+ 240 —i—2—
= or
2 2

=lor —1—1

NORMANHURST BOYS’ HIGH SCHOOL
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(b)

(3 marks)
v [1] for correctly sketching one of either
the circle or horizontal line
v [2] for correctly sketching both the circle
or horizontal line
v [3] for correct shading including
the circle, horizontal line and also
non-inclusive boundaries
o |z2—(2+42i)| =2 is a circle centred at
2 + 24, radius of 2.
oo |z = (24 2i] < 2 indicates it’s the
area inside the circle.
o [Im(z—2¢)| > 1: letting z = = + iy,
Im(z + iy — 2i)| > 1
Im(z +i(y —2))| >1
Sly=202>1
y—22>lory—2< -1
y>3ory<l1
This set of a points in the Argand
diagram is at least 1 unit away from
the line y = 2.
Im
) A&\
3, 77777
/ \
\
’ | y=2
P t-==-
J
\ /
\ /
7MWY,
1 - 1 1 Re

wr—1=0

(w—1)(w*+w+1)=0
Aswé¢R

l+w+w?=0

il.

(2 marks)

v’ [1] for some usage of the result
in (i), but could not reach the
required result.

v' [2] for fully correct solution.
Some different ways of expressing
the result from (i):

o l+w+w?=0

o 1=—w-—w?

w (14 2w+ 3w?)’
2 22
:w<(—w—w)+2w+3w>
0\ 2
:w<w+2w>
=w x w? (1+2w)?

1
:;f((1+4w+4w2)

0
:W— 3
~- 3
(2 marks)

v’ [1]  correctly differentiates to
obtain the second derivative.

v [2] correctly finds the second
derivative with respect to time,
masks the time with displacement
term to show the required result.

Note The auxiliary angle method
is used here instead of part (ii) to
collapse the two sinusoids into a
single sinusoid in order to allow for
quicker differentiation.

1
—— cos 2t + sin 2t

V3
= Rcos(2t — «)

= Rcos2tcosa + Rsin 2t sin «
Equating coefficients,

(1)
(2)

N

Rcosa = 7
Rsina=1
Dividing (2) by (1):

=3

tana =

g -

m
Ca=—
3

LAST UPDATED SEPTEMBER 9, 2024
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Substituting result into (2):

™
Rsin— =1
s1n3
Rxézl
2
2
R=—

3 3/ V3
2
x:—x—251n(2t—z)
3 3
. 2 9
r=—=X—2 cos(2t——)
3
2 T
= 922 COS<2t—>>
(oo -3
1
= 92 x—l—)
(+ 5
= —n?(z — x0)
where n = 2 and g = —%. Hence

acceleration is proportional to, but
directed against the displacement
from the centre of motion z = — -

7
Hence the particle is undergoing
simple harmonic motion.

ii. (3 marks)

v’ [1] for some attempting to solve
& = £2. (Or, if the auxiliary angle
method was not used in part (i),
then finding the equivalent R and
« values)

V' [2] for correctly finding some of the
roots to & = £2.

v' [3] for fully correct solution.

Question 12

(a) i

ii.

Solving for & = 42,

T T om 27w 4w
2t — - = Y8 o ) o )
3 3’3373
2 5%
2t = —
g’ 3,71-7 3
f_T 75w
37276
(Lam)
(1 mark)

OACB is a parallelogram with one
pair of adjacent sides equal.

(2 marks)

v 1] for ~ some  algebraic
manipulation to demonstrate the
result, but without necessary

reasoning; or to obtain only
OC? = 2+ 2cos(f — a); or
equivalent merit.

v [2] for fully correct solution.

Im

e In AOAB, ZAOB = — a.
Hence ZOAC = 180° — (8 — «)

e Applying the cosine rule in
NAOC:

NORMANHURST BOYS’ HIGH SCHOOL
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OC? = OA® + AC?
—2(0A)(AC) cos LZOAC
12412
- 2cos<180° — (8- a)>
=2+ 2cos(f — a)

= 4 cos? <B—a>
2

.. OC = 2cos (ﬁ — a)
B —«
=2
r cos < 5
ili. (2 marks)
v' [1] for showing the required value
for 6.
v [2] for fully correct solution.
Arg(z1 +22) =0
As the diagonals of a rhombus
bisect the angle, ZAOM = B%O‘
o Asa+ LAOM =0,
0=a+ LAOM
_ i P
= o+ 5
_ Bta
2
@+ 5)
= —(«
2
e Finally,
21+ 22

=cosa + isina + cos B+ isin 3

= (cosa + cos ) + i (sin a + sin

=r

——~
= 2cos <52a> (cosf + isinb)
Equating real parts,

cos o + cos 8
B+«

O
~—

(b) (2 marks)

v

[1] for some use of the projection formula
with correct use of vector notation.

v

[2] for fully correct solution.

As proj, u = proj v,

iw_yw

UL W=V-W
u-w—v-w=0
w-(u-v)=0

Hence w is perpendicular to u — v.

(2 marks)
v

[1] for attempts to find a vector in

the direction of BT (or T'B).
[2] for fully correct solution.

v
B has coordinates (4,8, 0)

0 0 4
rpr= 0] +A 0] —18
6 6 0
0 —4
=0 +A]| -8
6 6
ii. (2 marks)
v' [1] for finding the midpoint of the

diagonal BT, or the radius of the
sphere.

v

[2] for fully correct solution.

4 0
MPgr 81+ 1[0
0 6

S 0 =~

W = N

= 2cos (5—04

)= ()

2
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iii.

Radius will be the distance from
M Pgt to one of the vertices

r=+/(2-0)24 (4 —0)2+ (3 - 6)2
=V4+16+9

2
lv—141]]=Vv29
3

(3 marks)

v' [1] for finding r4ps, or equivalent
merit.

v' [2] for substantial progress in

setting up a system of equations by
equating r4ps with rpr.

v [3] for fully correct solution and
justification.

0 4 —4

AM = (4] —-10]={ 4

3 0 3
4 —4
ramy =0 +pl 4
0 3

Attempting to find the point of
intersection between AM and BT:
this occurs when rpr = ray for a
particular value of A and pu:

4 —4 0 4
Ol +pl 4 ]=10]+X[ 8
0 3 6 —6
4— 4y 5
du = 8A
3u 6 — 6

which results in the system of

equations such that

AN+4p=4 (1)
8A—4u =0
6A+ 30 =6

Adding (1) and (2):

120 =14

1
A==
3

Substituting into (3):

1
6(=)+3u=6
(5) v

243pu =
3p=4
_ 4
"3

Substituting back into (1):

4
IA+4()=2
“(3)

10
AN=-——
3
5
A=—2
6

However, these values of A are
inconsistent across the system of
equations. Hence no such A or p
exists, and the lines rpr and raps
do not intersect.

Question 13 (Ho)
(a) (3 marks)
v' [1] for successfully applying the product

rule to obtain the derivative to In x® to be
1+Inz.

[2] for the application of the product
rule, as well as the justification of why the
minimum to In f(z) is also the minimum
to f(x).

[3] for fully correct solution by testing the
1

point x = <

y=a"

Iny=xlnzx

% (In(z%)) = %(m lnx)

Applying the product rule,

u=x v=Inz
1
=1 ==
T
L n () =141
— (In(z")) = nr
dzx
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As In f(z) is monotonic increasing, the
minimum for f(z) will occur also at the
same location as In f(z), ie.  where
% (In(z*)) =0

l1+Inxz=0
Inz =-1

Tr =€

Checking for local min:

2 d
@(ln(aj )):%(l—i—lnx)
_ 1
=zl
>0

Hence a local min exists at © = e~} for

In f(z), and the minimum for f(z) also

occurs at x = %

(b) i. (2 marks)
v' [1] for finding one of a, b or c.
v [

1] for the fully correct solution.

5 ar +b c
x%(2 — x) x? 2—x

5= (az +b)(2 — ) + cz?

Let z =0,
5=0(2-0)
5
.b—§
Let x = 2,
5=0+c(2%
5 =4c
_9
‘T

2
15 )
FER)
s
‘T
R (5
Ca2(2—x) a2 Ry

ii. (2 marks)

v’ [1] for correct manipulation to
result in g + 10272 + %, or
equivalent merit.

v' [2] for correct solution, including

absolute values in logarithms and
also +C'

5 5 5
7x+7 =4
— 4 4 2 4 d
/ ><< -2 +2_x> X
_/ 595—1—10+ 5 dr
- 2 2—x
=i/<5+1m:1+5>dx
T 2—x

=5In|z| — 10z~ = 5In|2 — x| + C
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(¢) (4 marks)

v’ [1] for correct alteration of limits and
converting differential in x into differential
int

v’ [2] for further progress to simplify

denominator into the simplest quadratic.

v' [3] for further progress and obtaining a
denominator that has a perfect square.

V' [4] for fully correct answer.

Using ¢ formulae: let ¢ = tan §

t = tan ~
= tan —

2
x -1
— =tan "t
2

xr=2tan" 't

cdr 2
Tdt 1+ ¢2
2
dr = —— dt
Ty
Finding the equivalent limits of
integration:
z=0 t=tan0=0
T =tanl =1
= — = tan — =
YT "
/Q dx
0 3—cosT — QSinx
t=1
o i
=03 - 1+t2) (1+t2)
_/1 2 dt
Jo 3(1412) — (1—t2)

1
dt
/0 3+3t2—1+t2 4t

1
dt
/0 42 — 4t+1+1

1
5 dt
/0 1+ 2t—1

(2t — 1)}
tan (1) —tan" ! (—1)
= 2tan” (1)

2

tan—

(d)

i. (3 marks)
v [1] for splitting a tan? z term from
the integrand and converting into
sec?z — 1
v [2] for the above, as well as
splitting the integrand to obtain a
term in I,,_o.

v' [3] for fully correct solution.

jus

tan” = dz

S
[

jus

n—2

tan? z tan x dx

s

n—2

(sec2 T — 1) tan T dx

s

n—2

sec? z tan z dx

% n—2
- tan T dx
0

1 I
= [ : tan™ ! m} —I_o
n— 0

1
= : (tamn_1 Z — tan™"! O)
n —

— In-2
1
_7’L—17 n—2

ii. (2 marks)

v [1] for obtaining the expression
% — (% — Il), or equivalent merit.
v [1] for fully correct solution.

™

T 5
I5:/ tan® x dx
0

—_

1 /4 sinz

4 0 cosx
L [l |cosa:|]
4

1
=—= In Inl

A

1 1
=——+-1In2

4 2
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Question 14 (Ho)
(a) i. (1 mark)
| @ s
0
Let u = a — x, and hence du = —dx

r=0 u=oa

r=a u=20

[ s = [ sta =) aw

:/ng(a—u)du
:/Oaf(a—x)dx

by replacing the pronumeral u with
:U?

'./Oaf(m)dm:/oaf(a—x)dx

ii. (2 marks)

[1] for obtaining the primitive of

/f ) dx

[2] for fully correct solution

/Oaf(x)dm—i—/oaf(a—x)da:—/oaf
| t@des [ 5@ do = [ar@]]

2 /O f(x) de = af(a) - 0f(a)

1w =G

(b) (2 marks)

v

[1] significant progress in expanding the
expression, or equivalent merit.

v

Note that 2z = |z|* = ww = |w|?.
1 1

(z+w)Z+w) + (2 —w) (Z—w))

[2] for correct final answer.

r—l»-lk\H

(2% + A0 + wZ + ww
+ 2Z — AV — wZ + w)

T4

= (2Z + ww)
=zz
(1 mark)

If 2z =cosf + isinf, then by De
Moivre’s Theorem,

i.

()

2" = cos(nB) + isin(nh)

Also,

z—n

cos(—nf) + isin(—n#)

= cos(nf) — isin(nd)

as cosine is an even function, and
sine is an odd function.

e Hence,
n, 1 0) + i sin(nd
2"+ = cos(n#) + isin(nf)
cos(nf) — isin(nd)
= 2cos(nb)
ii. (3 marks)

v [1] Obtaining an expression in
terms of powers of cosf only, or
equivalent merit.

(a) dx v" [2] Further progress to solution,
including setting up an equation in
terms of z, ie. =z —I—% = 1 and
z+1i=-2

v" [3] For fully correct solution.

322234422 —243=0
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Dividing throughout by 22, Applying the quadratic formula,

1 3
322—z+4—;+§:0 —24 /4 — 4(9)
z =
1 1 2(3)
322+ ) - ~)+4=0
<Z +z2> <Z+z>+ 24432
2(3)
As z”—i—zin:Qcoan, _ —2 + 4iy/2
2(3)
3(2cos20) —2cosf+4=0 :_1i32“/§
6(200829— 1) —2cosf+4=0
6cos?f —2cosf —2=0
1+v3i  —1+2iV2
Hence z = 5 or 3 .
Letting u = cos#,
d i. (2 marks
Gut —u—1=0 ? (/ 1] | U he  Binomial
1 ses the inomia
(2u—1)Bu+1)=0 theorem to sruccessfully expand
o1 1 (cos@ +isinf)”.
U= =o0or ——
2 . 3 . v' [2] For fully correct solution.
c.cosf = 50~ 3
1_
As 2+ = 2cosd, cos 560 + ¢ sin 56

_ 1
o Ifcosf =3 = (cosf + isinf)°

= cos® 0 + 5icos* @ sin 0

1 1
Z+;:2X§:1 + 1042 cos® A sin? 6 + 104> cos? O sin> #
.4 . 4 .5 .5
s4-=1 + 5¢" cosfsin” 6 + ¢° sin” 6
z
22—z+1:

Equating real parts,
Applying the quadratic formula,

cos 50 = cos®  — 10 cos® fsin® 0
1t/ 4(1)

P VA S + 5cosfsin* 6
. \/;z = cos’ § — 10 cos® 0 (1 — cos? 9)
= 9 +5cos€(1 — cos? 9)2
=cos’ 0 — 10 cos® 6 4+ 10 cos® 0
° Ifcos&z—% +5cos<9(1—200820+cos49)
. 1 5 = cos’ § — 10 cos® § + 10 cos® 0
z+;=2><?=—§ 4+ 5cosf — 10 cos® O 4 5cos’ 0
Z—i-l:—g = 16cos®  — 20 cos® § + 5 cos f
z

3:242:+3=0
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ii. (3 marks)

v’ [1] Makes connection between
the polynomial equation and the
powers of cos .

v [2] Finds all values of 6.

v [3] For fully correct solution. Does

not have to be in lowest multiples
of &.
Multiply previous expression by 2:
2 (16 cos® 0 — 20 cos® 0 + 5 cos 9)
= 32cos’ 0 — 40 cos® 0 + 10 cos @

Notice that 322° —4023410x—1 =0
is created by letting x = cosf, and
then equating the entire expression
with 1, i.e.

32cos® 6 —40cos® 0 + 10cosf = 1

32cos’ 0 — 40cos® 6 + 10cosf —1 =0
=2 cos b0

Hence the polynomial equation can
be solved by solving

2cosHhd —1 =0
50 = —
cos 5
T 5w 7w 1llw
5 = —, —, —, —
3’3737 3
137 177w 197 23w
3 ) 3 ) 3 ) 3 M
25m 20
373
_ 7 5n 7w Ui
157157157 15
Lr 1ir 197 23r
157157157 15’
257 297
157 15
Hence solutions to the polynomial
are:
T T i 117
T = cOS —, COS —, COS —, COS ——
15’ 3’ 15’ 15
——
_1
-2
r 7w 9% 93
cos 15 , COS e , COS 15 , COS 15
N———
2008113—57r :coslll—{__:T :cos%r
5w 291
COS —, COS ——
3’ 15
—— ——
:cos% :cos%

iii.

Question 15

(a) i.

However, there are several roots
which double up, and the power
5 polynomial will only contain 5
unique solutions, which are denoted
by the roots that have equivalent
values stated.

m 1 T
.. T = CO0S -, =,C0S —
1572 15
117 137
COS —, COS ——
15 15
—=—COs % =—COs %
(2 marks)
V' [1] Uses the product of roots and
equate to é, or equivalent.
v" [2] For fully correct solution.

Multiplying the roots to the power 5
polynomial,

(o T) 1 (oo LAY
COS 15/ 2 COS 15 COS 15 COS 15

__f_1
a 32
s 2m 4 T 1
.. COS — COS — COS — COS — = —
15 15 15 15 16
(Ham)
(3 marks)
v’ [1] Sets up contradiction that
involves ged(p,q) =1
v' [2] Substantial progress to show
that 14¢% = p?, i.e. both sides are
even.
v" [3] Fully correct solution.

Assume /14 is rational. Then,

Ip,q € ZT st V14 = P
q

with ged(p,q) = 1. Squaring both

sides,

[

p

q2
14q2 — p2

14 =
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(b)

ii.

i.

Hence p is even. Rewriting: p = 2k,
where k € ZT,

14¢* = (2k)?
14¢% = 2 x 2k
7¢* = 2k

Which implies 7¢? is even. The only
possibility is ¢? is even.

But this is not possible as the
original assumption was that
ged(p,q) = 1, so p and g cannot be
both even, which is a contradiction.
Hence v/14 is not rational.

(2 marks)

v'[1] Makes mathematical reference
to VTn and v2n being both
rational, i.e. Vin = % and
V2n = £ for some a,b,c,d € Z*+

v' [2] for fully correct solution.

Suppose v7n and +2n are both
rational for some a, b, c,d € ZT such
that

V= Vam=¢
b d
Multiplying,
Vin X V2n = %

Va2 = &

bd

ac

An — —

V14n v

ac

14=—

Vid nbd

which implies /14 is rational as
a,b,e,d,n € Zt. However, 14
is clearly not rational from part
(i). Hence a contradiction exists
and v/7n and v/2n cannot be both

rational.

(4 marks)

v' [1] Correctly tests the base case.

v 2] Substantial progress to
correctly incorporate P(k) into
P(k+1).

v" [3] Substantial progress to entirely
remove fractions within fractions.

v' [4] For fully correct solution.
Let P(n) be the proposition

4+ a,
1+a,

with a1 =1 and ap41 =

e Base case: P(1)

_ 1
+3
1
- =1
)
Hence P(1) is true.
e Inductive hypothesis: assume
P(k) is true, i.e.
1\ k
=9 (1 +(=3) )
k — NG
1-(-3)
) 4+ ag,
th a; =1 and =
W1 aj and ag+1 1+ a

Examine P(k+ 1):

1+ 1\k+1
RTP: ap 1 =2 <1—Ej£;’““>
Ak+1
- 4+ a
1 + ag

Hence P(k + 1) is also true, and
P(n) is true by induction.
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ii.

(1 mark)
. 1\"
i (-3) =

lim a, =2
n—oo

Hence

(3 marks)

v" [1] Demonstrates repeated use of
the result provided to show

x2+y2+z2 >zy+axz+yz
or equivalent merit.
V' [2] Successfully factorises
3 3+ 2% - 3ayz
or equivalent merit.

v' [3] For fully correct solution.

Given Z ;_ Y > /zy, replacing =z
with 22 etc,
2,2
THY oy (15.1)
2
Repeating for zz and yz:
2, .2
- ;Z > 22 (15.2)
2, .2
i ;Z > yz (15.3)

Adding ([51), ([(52) and (153),
x2—|—y2+z2 > xy+xz+yz
(15.4)

Now check to see that (x4 y + 2) is
a factor of x® + y3 + 23 — 3zyz by
using the factor theorem with

flz) =2%+9° 4+ 23 — 3zyz

and if f(—y—z) =0, thenx = —y—=z
would be a zero.
Note: Cambridge Year 11
Ext 1, Ex 10D Q18

fl=y—2)

=(~y—2)°+y°+2° - 3wyz

= - (y3 + 322 + 3y + 23)
+y’ 4+ 20 = 3(—y — 2)yz

= —y3 — 3y22 — 3yz2 - 224 y3 + 23
+ 3y%2 + 3y2>

=0

ii.

Hence x + y + z is a factor of f(x).
Factorising,
23 4P+ 23— 3ayz

= (z+y+2) (2% +y* + 22 — 2y — 22 — y2)
(15.5)

Now as a result from (5.4,
x2+y2+z2fxy7$zfy220

and given x, y and z are positive real
numbers, then

(x4y+2) (:1:2 +P 42—y — a2 — yz) >0
and hence
m3+y3+z3—3xyz >0
3+ y3 + 23> 3xyz

Replace x with a%, y with b3 and z
with ¢3,

a+b+c>3asbics
Take to power 3 on both sides,

(a4 b+ c)> > 27abe

(2 marks)
v [1] Replaces a, b and ¢ with the
required values.

v" [2] Fully correct solution

From the previous part, and given
abc = 1, then

(a+b+c)>27

Replace a with %, b with c% and
¢ with =%, and cube rooting both
sides,
a b c
— + p + vy >3
a (a4c4) +b (a4b4) +c (b4c4)

T =3

e

saPdt bt + Pt >3

or replace a with a®c?, b with b%a*
and ¢ with ¢®b?,

(a®ct + b°a* + )3 > 27(abe)®
=27
(abe=1)
salct +bPat + vt >3
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Question 16 (Ham) Whent=0,2=0
(a) (3 marks)
1 2¢° = 2(0) + ¢

v [1] Find the expressions for 5112 in Oy =2
terms of x, or equivalent merit. Note: ot

1
terminating error if integrating w.r.t. ¢ 2e2% =2t 4 2
instead of x. 1.
ez’ =t+1
v [2] Substantial progress to find the
expression for v in terms of z, including §x = log,(t + 1)

choosing the correct root.
v" [3] For fully correct solution. z = 2log,(t+1)

(b) i. (3 marks)

.od (14 _
= <2U = —2e" v' [1] Attempts to use integration by
1 parts.
5112 = -2 / e Pdx=2e"+C v [2] Makes substantial progress
towards the solution with only
0 0 5 minor errors.
t=02=0v=2 v [3] For fully correct solution.
(4) = 26" + Cy
2=2+4C .
! Let I = /ew sinz dx
C1=0
1 u=e* V= —CosT
ov? =2e7" Y .
2 du = —e dv =sinx

v :46:16 1= [uv} —/v du

=—¢ Fcosx — /ex cosz dx
t=0,z=0and v=2>0 and as v # 0,
it indicates that the particle only travels

in one direction Applying integration by parts again,
o2 =426
1 u=e * v =sinz
v =2e 27 _
du=—e* dv=cosz
. dx /ex cosx dx
Rewriting v as —:
dt
=e Tsinz + /e_gC sinx dz
dr _ 2¢~ 2"
dt =e Tsinz+ 1
1
e2¥dx = 2dt ,',I:—ef‘”cosa:—(ef‘”sina:—i—f)%—C
=—e *sinx—e Fcosz—I1+C
Integrating, .2l = —e ¥ (sinz +cosx) + C
1
/eéxdx:/th I:—ie_”"(sinx+cosx)+0

237 = ot + O
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ii. (2 marks)
v'[1] Correctly finds the primitive for

A,
v [2] For fully correct solution
Y
/ﬁ<‘»
Mﬂ' 3m

(2n—1)m
A, = / e Tsinx dx
(2n—2)m

1

2n—1)m
=—3 [e‘m (cosx + sinx)

(2n—2)m

Now (2n — 1)7 is an odd multiple of

m, with

e cos(2n—1)r=-1

o sin2n—1)r=0

Similarly, (2n — 2)7 is an even

multiple of 7, with
o cos(2n—2)r =1
o sin(2n—-2)r=0

1
- _ = —2n—1)m/
An =3 (e (1)
_ 6—(2n—2)7r(1)>
_ é (e(1—2n)7r n e(2—2n)7r)
(¢) (3 marks)
v"[1] Finding all of A;, As and A3 correctly.

v’ [2] For finding the parameters of the
limiting sum with reasoning.

v [3] For fully correct solution.

Ay—%@“2“+é>
=+ )

Ay = % (7™ +e72m)

Az = % (7™ + e ")

(d)

Adding the A terms,

A+ Ay + A3+ -

1
=5 (L+e™+e ™"

e T p e p e )

This forms a geometric series with a = 1,
r = e~ ", such that |r| < 1:

1 - e
Szl—e_ﬂig":e”—l
67['
A A A .
CLAL+ A+ As + (e —1)

(2 marks)
V' [1] Finds the areas below the z axis.
v

[2] For fully correct solution.

be the

Let X = A1+A2+A3—|—---
areas above the z axis.

o LetY =a;+as+az+--- bethe areas
below the x axis.

e Given lim e *sinz dr , this is a

n—oo
subtraction of the areas Y from X, i.e.

n

— = lim e 'sinzdr=X-Y
n—oo 0
1 iy
e € Ve
2 2(em — 1)
y-_ < 1
2(em—1) 2
T —(e"—1)
o 2(em—1)
1
C2(em —1)
n
lim ‘e_z sinx| dx
n—oo 0
=X+Y
- e’ + 1
C2(em—1)  2(em—1)
T +1
C2(em—1)
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